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Abstract
This article is concerned with the use of orthogonal polynomials as basis functions to solve fractional order

Integro-differential equations. Standard collocation method was used. We constructed orthogonal polynomials
by assuming a quadratic weight function that is positive in the interval of consideration; [0, 1]. The assumed
approximate function was substituted into the general class of fractional order Integro-differential equations and
after some simplifications; the resulted equation was then collocated at equally spaced interior points of the
interval. The resulted system of algebraic equations is solved to obtain the unknown constants. The constants are

substituted back into the assumed approximate solution to get the required approximate solution.

Keyword: Orthogonal functions, fractional order, Standard collocation method and fractional Integro-
differential equations.

1. Introduction

Most formulations of mathematical models of physical problems lead to linear or nonlinear
differential equations. Many of these differentials equations do not have analytical solution or
that their solutions are difficult to find in a closed form. To solve these types of equations, we
have to employ numerical techniques and numerical standard collocation methods have been
found to be very useful. The method usually involves evaluating equation at equally spaced
points to achieve a system of algebraic equations. Several numerical methods to solve
fractional differential equations and fractional integro differential equations have been given
by a number of researchers. Atabakzadeh et al. (2012), Hashim et al. (2009), Saadatmandi
and Dehghan (2010) and Ibtisan (2011) applied Chebychev operational matrix method and
Homotopy analysis methods to solve various forms of fractional differential equations and
fractional integro differential equations. Atabakzadeh et al. (2012) particularly used
Chebyshev operational matrix method to solve multi order fractional ordinary differential
equations. By using shifted Chebyshev polynomial, they were able to obtain a satisfactory
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result without linearization. Fukang et al., 2014 used a modified Variational Iteration Method
and fractional-order Legendre functions method to solve non-linear fractional-order

differential equations.

The paper used Legendre basis functions as operational matrices of orthogonal functions to
integrate and differentiate fractional differential equations. Mohammed (2014) used Least
Squares method and shifted Chebyshev polynomial to solve linear fractional integro
differential equations. Omar (2014) considered fractional integro differential equation as very
important integro differential equations where the differentiation and the integration
appearing in the equations are of non-integer order. Omar solved some multi fractional order
Integro-differential equations using Variation Iterative Method (VIM). Taiwo and Odetunde
(2013) used Iterative decomposition method to solve multi-term fractional differential

equation.

Many other researchers including Taiwo and Uwaheren (2015) employed Collocation method
to solve different problems of fractional integro-differential equations using Power series,
Legendre, Chebyshev or Hermite polynomials as basis functions. Yousefi et al. (2017)
constructed operational matrix of fractional integration of hybrid functions and combined
the features of the hybrid functions and their operational matrix to reduce fractional
differential and integro-differential equations to system of algebraic equations to obtain the
required solution. According to Gradimir (1991), orthogonal functions have received
considerable attention in dealing with various problems of fractional differential equations. In
this work, orthogonal polynomial functions are constructed using a quadratic weight

function, w(t)=t?> + t -1 and applied to solve fractional order Integro-differential equations.

1.1 Basic relevant definitions to the work

Here, we present some basic relevant definitions which are very useful in this work.

Definition 1

Fractional derivative in the Caputo sense is given as

1

(D2£) (@) = (J2~°) D" @) = iy [ =0 =G 0 ()

D

The operator a is defined by
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1 d

(DED) (@) = D™ (L) 1) = sr—ay (o

R A (O )

is called Riemann-Liouvilles differential operator of order o for a <x <b.

Definition 2:
Fractional order Integro-differential equation:- The general form of fractional order

integro- differential equation considered in this paper is given as:
1
D%y(x) = f(x) + / K (x, t)y(t)dt 0O <>, t <1 (3)
A0
together with the following supplementary condition, y(0) =1 and D* is in the Caputo sense

of the differential integral functions and o is a parameter denoting the fractional order

derivative of the function.

A very important property of D* f(t) is:

Crn+1) . .

DC}'t71 —
* I'(n —a+ 1)

(4)

Definition 3:
Orthogonal functions: Two different functions say yn (X) and ym (X) are said to be orthogonal

if their inner product is zero when n is not equal to m.

b
(Yn(2), ym (7)) = / Yn (2)ym (T)dx = 0 (5)
Ja
On the other hand, a third function w(x) > 0 exists, then:

b
{:Un (T) YUm (-l» = / w(T)yp ("T‘)ym (x)dx = 0 (6)

Then we say that yn (X) and ym (x) are mutually orthogonal with respect to the weight
function w(x). The construction of our polynomial actually followed the basic procedure for
obtaining orthogonal polynomials but using a quadratic weight functions.

1.2 Construction of Orthogonal polynomials
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Here, we are guided by the conditions of orthogonality of functions yn (x) and ym (X), to
construct orthogonal polynomials using some basic quadratic weight functions. We state the

conditions required as follows: Let the orthogonal polynomial be denoted Qn (t), then
Qn ) = ici(n)ti

where C;i ™ is called the orthogonal polynomial coefficients.

The inner product (@n(t)Qm(t) =0, forn#m

Qn(l) = Qo(f) =1 (8)
for n = 0 o
Qo(t) =D iVt =1 (9)
i=0
for n =1 )
Q. (1) =>_cit =cfV +cit (10)
=0
L =1cY +ctP =1 (11)

Taking the inner product of w(t) and Q: (t), we have

1 . .
(w(t)Q,(t)) = 0= / (—t+1)-(1)- (G5’ +Ci"n)de =0 (12)
J0
Integrating (12) from 0 to 1, we have

5

S+

5 1) g
1205 ' (13)

Solving (11) and (13) we have that

ct'V = —1 ana ¢V =2

SO () = —1 4+ 27 or 2o — 1 (15)

For n=2
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=2
Q.(t) =D it = O + Pt + cfPe?

i=10

Q.(1) = &f? +ofP +cfP =1

Taking the inner product of w(t), Q1 (t) and Q2 (t)

(16)

(17)

1
hﬂﬂ@ﬂﬂ@ﬁﬂ)zﬂ::/(F—H&}@t&}&%m+CWtHﬂmFMt=0(B)
0

Integrating (18) from 0 to 1, we have

0cf? 4+ S o@ 4 3 o g

20 20

Taking the inner product w(t), Qo (t) and Q2 (t)

(19)

(w(t)Q,(1)Q,(t)) =0 = f 1 (2 —t+1)-(1)-(C” + OVt + 07 ¢%)dt = 0 (20)

Integrating (20) from 0 to 1, we have

Cég} 4+ CEQJ 4+ 17(:1-{23' — 0

5
6 12 G0
Solving (17), (19) and (21) we have

—25

cP =10 = and C§% =

25
4

therefore,
Qa(t) = i{zafz — 25¢& + 4)

For n=3

3
=Y ot =) + ot + o+ o

Q) =1=C¥ +c® +clP + P =1

Taking the inner products of w(t), Qo (t) and Qs (t)
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1 .
(w(t)Q, (1)Q,(t)) =0 = / (12=t+1)-(1)-(C+CP 14052 +-C57 %) de = 0
S0

(25)
Integrating (25) from 0O to 1, we have
5 5 17 ~ 13
SO8® + 1:'2 O + o8 + —ofP =0 (26)

1
(W(t)Q, (H)Q, (1) =0 = f (t2—t+1)-(2t—1)-(C5” +O OV 24+ O3V 1)t = 0
410

(27)
Integrating (23) from 0 to 1, we have
3 3 (3) 19 3y
301 +t 5572 *+ 150 =0 (28)

25t~ 25t + 4

w®)Q Q1) =0= j t*-t+1).( )Y+t et ) dt=0..(29)

Integrating (29) from 0 to 1, we have

1% 3 51 (3D
lP 4 P — 0 30
560 11120 3 (20)

Solving (24), (26), (28) and (30), we have

Co®=-1,Ci® =25/2 Co® =-63/2and C3® =21.

Therefore

Qg(t):% (4213 — 63t% +25t -2) and the process continues for

Qn(xr),n = 0,1,2, ...
The first few terms of the orthogonal polynomial constructed here therefore using the weight

function w (t) = x2 — x +1, 0 < x <I are given as
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Qo(x) =1
Qi(x) = (2 — 1)
Qal(x) = i{QEﬂ:Z — 25 + 4) (32)

Qs(x) = é(@xﬂ' — 6327 + 252 — 2)

Q4(x) = %[21421’-4 — 428413 + 2744x2 — 602x + 29)
Equation (32) satisfies the Orthogonal conditions:

Q?I(D) — [_-I-)H-QT;_[J_) — 1 and

1 0, n == m
/D Q@ (2) Q@ (2)de — . (33)
' 2n + 1° '

2. Methodology

The method used here assumed an approximate solution in terms of the constructed
orthogonal polynomials as the basis functions. The assumed solution is substituted into the
general class of fractional order integro differential equations and after simplification; the
resulting algebraic linear equation is then collocated at equally spaced interior points on the
interval of consideration. Thus the resulting algebraic linear system of equations is then
solved by maple 18 or by Gaussian elimination method to obtain the unknown constants. The
constants obtained are substituted into the assumed approximate solution to get the
approximate solution. Without lost of generality, we assume an approximate solution of the

form:
N
ynv () = D Qi (x) (34)
=10
where ¢i, i =0 (1) n are unknown constants to be determined and Qi(t) are the orthogonal
polynomials constructed using the weight function, w(t) earlier mentioned. Substituting (34)
into (32), we have

™ 1 M
D> (i) = £ + [ (ST (e@i))ar (35)

=0

Thus equation (35) is then simplified further to obtain:
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1

1
D2(Qy(x)) - [ (D*(Qo(t))dtleo + [DX(Q1(2)) - [ (D*(Q4 (1)) dfley

D2 (Qa(w)) = [y (D2(Qa(t))dr)es + [DE(Qs(x fg (D2 (Qs(t))dtles + - -+
[D2(Qn_1(2))— [, (DX(Qn-_1(t))dtlen 1 +[DE(Qn ()~ [5 (D(Qo(t))de]en = f(x)
(36)
where, Qi (x), i =0 (1) N are the orthogonal polynomials constructed above.

Equation (36) is then collocated at equally spaced interior interval;

(b a]z s g
ti =a+ . (1=0(1)N ) to give (N+1) linear equations in (N+1) unknown

constants which are put in matrix form:

An Aqo Az Aim \ ( c1 \1 ( B \
Aoy Aoo Asz Aom Co Bao
: C3 Bss
K 44‘m 1+1 x41n2+1. 441?134—1 et 44?n?n+J. \ Cm+1 \ Bm +1
(37)
where

A1 = D2(Qo(x)— 3 (D2(Qo(0)dt - A1y = DX(Qu(x) = [y (D2(Qu(t)))ds
etc.

The (N+1) linear equations are then solved using the Gaussian elimination method or any

suitable computer package like maple 18 to obtain the unknown constants i (i =0(1)N )
and these values are then substituted back into the approximate solution to give the required

approximate solution.

3. Numerical Examples

In this section some numerical examples linear fractional integro differential equations are

presented to illustrate the method.

Example 1:
Consider the following fractional integro differential equation:
82 2
3T ™

[

1
DOy (x) = + % + / wtQt)dt 0 <zt <1 (38)
U0
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Exact solution is
y(z) =22 -2

Equation (38) re-written as
Sr3 2% T 1

— " I tQ(t)dt = 0 39
e — JAEIO (30)

Applying (4) and (34) in (38), with some simplifications, we have
—§$2+2I—.1142249373041?% _1683833127¢q2:7 — 270701877 Leyr T — 886227961522 4
20 10 1 448

D5y (x)

—.49234886751?%(?1—.147704660217%+CD+§C'1I—lfl—l——lfzfz——fgf—l——f-z—'— ey
3 3 3 3 6 25
8, (18 1 256, 1792, M8, 56 1
5 Ir s 5 c3T 1003 5 I ¢y o5 Ir ¢y 15 r ¢y 15641- 15(_'.4 =
(40)

Equation (40) is collocated at equally spaced points of [0, 1], to give 5 linear algebraic

equations which are then solved to give the unknown constants as:

co = —.1500000010, ¢; = —.2499999984, ¢; = .3999999979. c3 = 1.89005559610 7,

cq4 = —8.14739690210—1°
These values are then substituted into the assumed approximate solution. After further

simplifications, we obtained the required approximate solution.

ya(x) = —2.12332153910 7 —.99999998052+.99999907 3722 4-2.88344804010 %"

—1.14063556610 324

Example 2:

Consider the following fractional integro differential equation:

& 3v30(3)rs 22 1
Dnﬂﬂ:_K%%E;_i_g+]‘@Hﬂﬁ%@@ﬂ 0<zt<l (41)
' 0
1 — 2
Exact solution is Y(T) = T

We rewrite (41) as

1 : .
D3Q(x) — [0 (zt + 2%t%)Q(t)dt S (42)

Applying (4) and (34) in (42), we have
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— 7817773803, +1.563554770¢, 2-+.2605024631c, +17.58000126¢,22— 1.954443473¢,
—.1302062316¢,+88.6535550623 ¢5— 44.326 77708522 +2.11079805 1 e 2+0.7817773803e— Ly
+370.04381122% ¢, —354.61422382% ¢, +78.80316085¢, 2% —2. 188076690c, 7—0.5211849263¢— 1,
= 7.03599650422+.19550222227 7 ¢,+.20248444447 5 ¢,+.2827800000z 7 ¢5+.20840000002 % c;
+.48002777782 % c5+.43638888802 7 ¢5+1.5710000002 % co+1.0473333332™ co+.87277777782 % ¢4

+.60822222227 7 ¢, — 628400000027 — 785500000027  (43)

Equation (43) is collocated at equally spaced points of [0, 1], to give 5 linear algebraic

equations which are then solved to give the unknown constants as
cp = .1000000272, ¢; = .5000000437. ¢5 = .3999999967, c3 = 3.12809226210~ 7,

¢y = —1.58780014810~1°
These values are then substituted into the assumed approximate solution. After further

simplifications, we obtained the required approximate solution.

1.17966054410%+6.9710~ % 2+.9999990702224-2.10739800010~ % +* —2.22202020710 ? 2*

Example 3:

Consider the following fractional integro differential equation:

37 ['(2)(—91 + 21622)
91 -

1
—|—(5—2€)$—|—/ (xe")Q(t)dt O<zt <1
i (44)

DEQ(z) =

Exact solutionis ¥(T) = = — =%
Following the same procedure, we have
1 1 5] 1672

5 3zrs I'(2)(—91 + 2162
DEQ)- [zt = 5 (c)(=91 + 21627)
J0O -

+(5—2¢e)x 0<xt<1
(45)

m

Applying (4) and (34) in (45), we have
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1795797629¢

—1—20.6875886904$% —2.011293345¢c, ¢ 4

el

T

+1.436638103¢, 27 —

1 0.5985992008¢e — 1¢g
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I-1

[l

0.2092906048¢ — 1
—1.795797620¢, % + mee T e

TT

2 +14.322 1'?678039:% —11.63676864c3xT

+1.939461439 1 0.1795797629¢ — 1e
-J5u4b 138903 — F

TT

T +4.617765332¢co
Te

=1

3 145.29702660¢,1F —57.28870715¢40 T
L 0.1197198419¢ — 1ey

— _92.5575315682 0

5
TE

+1.0774785772% —.436563647+1.71828182¢c0z+.7605727270c, 2+.415418187cox

+ .25823097csx + . 1751767¢cyx

(46)

Equation (46) is collocated at equally spaced points of [0, 1], to give 5 linear algebraic

equations which are then solved to give the unknown constants as

cg = 1999999843, ¢; = 4285714238, c; = —.4500000142, ¢5 = —. 1785714229,

ey = —2.10453036210~°

These values are then substituted into the assumed approximate solution. After further
simplifications, we obtained the required approximate solution.

—1.72203020210 % +1.0000000312—9.610 %22 — 000000921 12°—2.94634250710 % 2*

Table 1: showing the results of the method on problem 1

b d Exact Orthog Appx FError
0.0 0.0000000000 -0.0000000021 2.1233e-09
0.1 -0.0900000000 -0.0900000013 1.3086e-09
0.2 -0.1600000000 -0.1600000003 85.62900e-10
0.3 -0.2100000000 -0.2100000006 6.5418e-10
0.4 -0.2400000000 -0.2400000006 5.7792e-10
0.5 -0.2500000000 -0.2500000006 5.5691e-10
0.6 -0.2400000000 -0.2400000006 5.4134e-10
0.7 -0.2100000000 -0.2100000004 5.0876e-10
0.8 -0.1600000000 -0.1600000004 4.6411e-10
0.9 -0.0900000000 -0.0900000005 4.3970e-10
1.0 0.0000000000 -0.0000000005 4.9520e-10
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Table 2: showing the results of the method on problem 2

Exact

Orthog Appx

Error

0.0

0.0000000000

0.0000000118

1.1797e-08

0.1

0.0100000000

0.0100000185

1.8489e-08

0.2

0.0400000000

0.0400000247

2.4710e-08

0.3

0.0900000000

0.0900000306

3.0576e-08

0.4

0.1600000000

0.1600000361

3.6200e-08

0.2500000000

0.2500000417

4.1692e-08

0.6

0.3600000000

0.3600000472

4.7152e-08

0.7

0.4900000000

0.4900000527

5.2679%e-08

0.8

0.6400000000

0.6400000584

5.8364e-08

0.9

0.8100000000

0.8100000643

6.4293e-08

1.0

1.0000000000

1.0000000710

7.0548e-08

Table 3: showing the results of the method on problem 3

X Exact Orthog Appx Error
0.0 | 0.0000000000 | -0.0000000172 | 1.7220e-08
0.1 | 0.0990000000 | 0.0989999850 | 1.5004e-08
0.2 | 0.1920000000 | 0.1919999858 | 1.4276e-08
0.3 | 0.2730000000 | 0.2729999854 | 1.4669e-08
0.4 | 0.3360000000 | 0.3359999840 | 1.5885e-08
0.5 | 0.3750000000 | 0.3749999824 | 1.7699e-08
0.6 | 0.3840000000 | 0.3839999800 | 1.9956e-08
0.7 | 0.3570000000 | 0.3569999775 | 2.2572e-08
0.8 | 0.2880000000 | 0.2879999745 | 2.5532e-08
0.9 | 0.1710000000 | 0.1709999711 | 2.8893e-08
1.0 | 0.0000000000 | -0.0000000326 | 3.2784e-08
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4. Conclusion

We applied our constructed orthogonal polynomials as basic functions to solve fractional
order integro differential equations. Linear fractional order Integro-differential equations

were solved and the results show a high level of convergence to the exact solution.

References

Arikoglu, A and Ozkol, 1. (2009): Solution of fractional Integro-differential equations using
Fractional Differential Transform Method. Chaos, Solitos and Frantals. 40, 521-529.

Atabakzadeh, M. H, Arami, M. H. and Erjaee, G. H. (2012): Chebyshev operational Matrix
Method for solving multi order fractional ordinary differential equations. Applied
Mathematical Modeling. 37, 8903-8911.

Batiha, B., Noorani, M. S. and Hashim, 1. (2008): Numerical solution of the nonlinear Integro

-differential equations. Journal of Problems Computational Mathematics. 1(1), 34-41.

Davood, R. Moshen, A. Hussein, J. and Dumitru. B. (2013): Solving multi term fractional
Integro-differential equations, operational matrices of BPs with convergence analysis.
Ramanian report in physics. 65, (2) 334-349.

Fukang Y., Jungiang, S., Hongze, L. and Fengshun, L. (2014): Couple of the Variational
Iteration Method and Fractional-Order Legendre Functions Method for Fractional
Differential Equations. Scientific World Journal. 2014, 1-9.

Gradimir, V. M. (1991): Orthogonal polynomial system and some applications. In Inner
Product Spaces and Applications. Ed. T. M. Rassias. CRC Press, UK.

Hashim, L., Abdulaaziz, O. and Momeni, S. (2009): Homotopy Analysis Method for
Fractional 1VPs. Communications in Nonlinear Science and Numerical Simulation.
14 (3), 674-684.

Ibtisan, K. H. (2011): The Homotopy Analysis Method for solving multi fractional order
Integro-differential equations. Journal of Al-Nahrain University. 14, (3), 139-143.

Kourosh, P. Mehdi, D. and Mehran N. (2017): Novel orthogonal functions for solving
differential equations of arbitrary order. Thilisi Mathematical Journal. 10 (1), 31-55.

Khaleel, O. I. (2014): Variation iteration method for solving multi fractional integro-
Differential Equations. Iraqi Journal of Science. 55, (3A), 1086-1094.

Leader, M. M (2011): Numerical solution of nonlinear multi order fractional differential

236


https://www.ncbi.nlm.nih.gov/pubmed/?term=Song%20J%5BAuthor%5D&cauthor=true&cauthor_uid=24511303
https://www.ncbi.nlm.nih.gov/pubmed/?term=Leng%20H%5BAuthor%5D&cauthor=true&cauthor_uid=24511303
https://www.ncbi.nlm.nih.gov/pubmed/?term=Lu%20F%5BAuthor%5D&cauthor=true&cauthor_uid=24511303

Uwaheren and Taiwo ILORIN JOURNAL OF SCIENCE

equations. John Wiley, New York.

Mohammed. D. Sh. (2014): Numerical solution of fractional Integro-differential equations by
least squares method and shifted Chebyshev polynomials. Mathematical problems in
Engineering. 2014, 1-5.

Mittal, R. C. and Nigam, R. (2008): Solution of fractional integro-differental equations by
Adomian Decomposition Method. International Journal of Applied Mathematics and
Mechanics. 4, 87-94.

Miller, K. S. and Ross, B. (1993): An introduction to Fractional Calculus and Fractional
Integro-differential Equations. Wiley, New York.

Paraskevopoulos, P. N. (1983): Chebyshev series approach to system identification, analysis
and control. Journal of the Franklin Institute. 316 135-157.

Odibat, Z. (2011): On Legendre polynomial approximation with the VIM or HAM for
numerical treatment of non-linear fractional differential equations. Journal of
Computational and Applied Mathematics. 235 (9), 2956-2968.

Rawashdeh, E. A. (2006): Numerical solution of Fractional Integro-differential Equations by
Collocation Method. Applied Mathematics Computations. 176 (1), 1-6.

Saadatmandi, A. and Dehghan, M. (2010): A new operational matrix for solving
fractional-order differential equations. Computers and Mathematics with
Applications. 59 (3), 1326-1336.

Taiwo, O. A. and Odetunde, O. S. (2013): Approximation of multi term fractional Integro-
differential equations by an Iterative Decomposition Method. American Journal of
Engineering Science and Technology research. 1(2), 10-18.

Taiwo, O. A. and Uwaheren, O. A. (2015): Efficient numerical solution of multi order
fractional integro differential equations. MAN, National conference book of
proceeding.

Uwabheren, O. A. and Taiwo, O. A. (2016): A Collocation Technique Based on an orthogonal
polynomial for solving Multi-fractional order Integro Differential Equation.
ABACUS. 43(2), 215-220.

Weibeer, M. (2005): Efficient Numerical Methods for Fractional Differential Equations and
their Analytical Background. A Ph.D. Thesis. Von dear Carl Friedrich-Gaub-Fakultat
fur Mathematik und informatik der Techniscihen Universitat Braunschwieg,
Germany.

Yanxin, W., Li, Z. and Zhi, W. (2018): Fractional-order Euler functions for solving fractional

integro-differential equations with weakly singular kernel. Advances in Difference

237



Uwaheren and Taiwo ILORIN JOURNAL OF SCIENCE

Equations. 254.

Yousefi, F., Rivaz, A. and Chen, W. (2017). The construction of operational matrix of
Fractional integration for solving fractional differential and integro-differential equations.
Neural Computing and Applications. 31, 1867-1878.

238



